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LP-BOUNDEDNESS PROPERTIES FOR THE MAXIMAL OPERATORS FOR 
SEMIGROUPS ASSOCIATED WITH BESSEL AND LAGUERRE OPERATORS 

J.J. BETANCOR, A.J. CASTRO, P.L. DE NAPOLI, J.C. FARINA, AND L. RODRIGUEZ-MESA 



Abstract. In this paper we prove that the generaUzed (in the sense of Caffarelli and Calderon 
[5|) maximal operators associated with heat semigroups for Bessel and Laguerre operators are 
weak type (1, 1). Our results include other known ones and our proofs are simpler than the ones 
for the known special cases. 

1. Introduction 



(N 

o 

^^ Stein investigated in [TS] harmonic analysis associated to diffusion semigroups of operators. If 



{Tt}t>o is a diffusion semigroup in the measure space (fl,ii), in jl51 p. 73] it was proved that the 
maximal operator T* defined by 

n/ = sup|rj| 

t>0 

is bounded from LP{^, /i) into itself, for every I < p < cx3. As far as we know there is not a result 
showing the behavior of T* on L^ (fl, /i) for every diffusion semigroup {T't}t>o- The behavior of T* on 
L^{i},IJ,) must be established by taking into account the intrinsic properties of {Tt}t>o- The usual 

"w result says that T* is bounded from L^(ri,/x) into L^'°°{fl,n), but not bounded from L^{fl,fi) into 

r^ L^(51,/i). In order to analyze T* in L^(f2,/x) in many cases this maximal operator is controlled by 

a Hardy-Littlewood type maximal operator, and also, the vector valued Calderon-Zygmund theory 
([13]) can be used. These procedures have been employed to study the maximal operators associated 
to the classical heat semigroup [TU p. 57], to Hermite operators ([5], [II] and [IH])) to Laguerre 
operators ([7j, [5], |3, [T^j and [iSj), to Bessel operators ([T], [2], [3], [TU] and [T7]) and to Jacobi 

^~~^ operators ([TOl and [U), amongst others. 

00 
I Our objective in this paper is to study the L^-boundedness properties, 1 < p < oo, for the 

QQ generalized (in the sense of Caffarelli and Calderon [5]) maximal operators associated to the multi- 

f^ dimensional Bessel and Laguerre operators. 

cn 

f^ Our results (see Theorems below) extend the others known for the Bessel operators ([3, Theo- 

Cs| rem 2.1] and [1, Theorem 1.1]) and for the Laguerre operators ([12, Theorem 1.1]). Moreover, by 

^~~^ exploiting ideas developed by Caffarelli and Calderon ([5j and ^6^) we are able to prove our result 

^ in a much simpler way than the one followed in [T], [3] and |12j . 



We now recall some definitions and properties in the Bessel and Laguerre settings which allow 
us to state our results. 

We consider for A > —1/2, the Bessel operator Aa defined by 

Aa = -a;-2A a,2A _ on(0,oo), 

ax ax ax'^ x ax 

and, if Ji, represents the Bessel function of the first kind and order v, the Hankel transformation 
h\ is given by 

/•oo 

hx{f){x)= {xy)-^+'^^Jx-i/2{xy)f{y)y^^dy, x e (0,^), 
Jo 
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for every / G L^((0, oo), x^'^'da;). h\ can be extended to L^((0, oo), x^'^'da;) as an isometry in 
L'^{{0,oo),x'^^dx) and h~^ = h^. If f £ C^{0,oo) we have that 

hxiAxf)ix) = x^hx{f)ix), X e (0, oo). 

This property suggests to extend the definition of A^ as follows 

Axf = hx{x'hx{f)), feD{Ax), 

where 

D(Aa) = {fe L\{0,^),x^''dx) : x^h^if) e L\{0,^),x^^dx)}. 

Thus, A\ is a positive and selfadjoint operator. Moreover, — A^ generates a semigroup of operators 
{Wf^}t>Q in L'^{{0,oo),x'^^dx) where 

Wt\f) = hx (e~'y\x{f)) , I e L^iO, <x), x^^dx) and t > 0. (1) 

According to [201 p. 195] we can write, for / G L'^{{0,oo),x'^'^dx) 

POO 

W^{f){x)^ W,\x,y)f{y)y'^dy, x,tG{0,^), (2) 

Jo 

where the Hankel heat kernel semigroup W^{x, y) is defined by 

Wh^,y) = ^"^^'J^'^^ A-i/2 (f ) e-(-^+^=)/4*, x,y,i e (0,oo), 
and Ii, denotes the modified Bessel function of the first kind and order v. 

Since /p°° W^{x,y)y'^'^dy — 1, x,t £ (0, oo), {W^}t^o defined by Q is a diffusion semigroup in 
LP{{0, cx)), x'^^dx), l<p<oo. 

Suppose now that A = (Ai, . . . , A.„) e (— l/2,oo)". We define the n-dimensional Bessel operator 
AAby 

n 

The operator — A^ generates the diffusion semigroup {W^}t>o in LP((0, oo)",(i/i>), 1 < p < oo, 

" 2A 

where d fix {x) = Yi^i ^ dxj, x = {xi, . . . ,Xn) £ {0,oo)" a,nd 
j=i 

W^{f){x)= [ WUx,y)f{y)dfixiy), / G ^^((0, ex.)", ^a^a) and x,i e (0, oo), 

■/(0,oo)" 

being 

n 

W^(x, y) = n ^t^' (^J^Vi)' ^'V^ (0' °o)" and t > 0. 

The maximal operator W;^ associated with {W^}t>o is defined by 

W^(/)-sup|W,^(/)|. 
t>o 

In [H Theorem 1.1] (also in [3". Theorem 2.1] when A G (0,oo)" and in [31 Theorem 2.1] for n = 1) 
it was proved that W^ is a bounded operator from L^{{0, oo)", dfix) into L^'°°{{0, oo)", diix)- Note 
that, since {W^}i>o is a diffusion semigroup W^ is bounded from L'P((0, oo)", d/i^) into itself, for 
every 1 < p < oo (see [TSl p. 73]). 

Motivated by |^J we consider a function r = (ri,...,r„) where, for every j — l,...,n, rj : 
[0, oo) — > [0, oo) is continuous and increasing, rj{0) — and linit_i.+oo '"j(^) = +oo, and we define 
the maximal operator 

W,^,,(/)=sup|W,^(,)(/)|, 

where 

W,'(,)(/)(x)= / W^,^,^{x,y)f{y)dfixiy). / G ^^((0, oo)", ^a^a), 1 < P < oo, 

J(0,oo)" 
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and 

n 

W^(,) {x, y) = n ^r^it) (^J- ' %), x,y& (0, oo)" and t > 0. 
It is clear that if rj{t) = t, i > 0, j = 1, . . . , n, then W^^ = W^ 

Our first result is the following one. 

Theorem 1.1. Suppose that A G (— 1/2, oo)" and r is a function as above. Then, the maxi- 
mal operator W^ .^, is bounded from LP((0, c»)", d/iA) into itself for every 1 < p < oo, and from 
L\{0, oo)", d/A) into L^'°°{{0, ooY^dfix). 

An immediate consequence of Theorem |1.1| is the next convergence result. 

Corollary 1.2. Let X E {— 1/2, ooY'' and r be a function as above. Then, for every f £ LP{{0,oo)"-,diJ,x), 
1 < p < oo, 

hm W^(,)(/)(a;) = f{x), a.e. x e (0,00)". 

We now consider the Laguerre operator C\, A > —1/2, defined by 

/:a = Aa + — , on (0,00). 
Also, for every fc € N, we define the /c-th Laguerre function -0^ by 

*'« - '-"'-'"' U^luS '^"' (t) '''""■ ' ' '"'->' 

where L^ denotes the k-th Laguerre polynomial with parameter a > —1. The system {-0^}^^^ is a 
complete orthonormal family in L^{{0,oo),x'^^dx). Moreover, 

£A(V'fc) = (2fc + A + 1/2)0^, fceN. 
We extend the definition of the operator £a as follows 



£,{f) = Y,{2k + A + l/2)(/, ^1)4,1 f e D{U), 

where (•, •) denotes the usual inner product in L'^{{0,oo),x'^^dx), and 

00 
i?(£A) = {/e^'((O,oo),x2^dx):^(2A: + A + l/2)2|(/,0^)|2<oo}. 

fe=0 

Thus, Cx is positive and selfadjoint in L'^{{0,oo),x^^dx). Moreover, —C\ generates a diffusion 
semigroup {L^}t>o on L^((0, 00), ai^^dx) where, for every t > 0, 

/•oo 

L^{f)(x)= L^{x,y)f{y)y^^dy, f e L\{0,^),x^^dx), x,t e {0,^), (3) 

Jo 

being 

Lhx,y) - ^^(xy)-^^^/^/A-i/2 (y^) exp {-\\^(-' + y')) - -^y^t^ (o>-)- 

Moreover, (Is]) defines also a diffusionp semigroup in i^((0, 00), x^'^dx), 1 < p < 00. 

Suppose now that A € (—1/2, 00)". The n-dimensional heat Laguerre semigroup {L^}f>o is 
defined as follows. For every t > 0, f £ LP{{0, 00)", dfix), I < p < 00, we write 

h^{f){x) - / L^{x,y)f{y)dfixiy), x G (0,oo)", 

J(0,oo)" 

being 

n 

h^{x,y)^'[[L^^Xj,y,), x,y £ {0,^y\ ^ > 0. 

In [T^ Theorem 1.1] it was showed that the maximal operator L^, defined by 

L^(/)=sup|L^(/)|, 
t>o 
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is bounded from L^{{0, oo)", djix) into L^'°°((0, oo)", dfix) by employing an ingenious but long and 
not easy procedure. 

Assume that the function r : [0,oo) — > [0, oo)" is as in Theorem |1.1[ We define the maximal 
operator L^^ by 



where 



L,^,,(/)=supm,)(/)i, 

t>0 



K(t)if)ix) = / U^^^ix,y)fiy)df,x{y), x € (0,oo)", t > 0, 

^(0,00)" 



L^(t)(x,y) = ]^L^^(j)(xj,yj), a;,ye (0,oo)", t > 0. 



being 

n 

Since |L^(/)| < M/(-^(|/|). t > 0, from Theorem |l.l| we deduce the following result that includes 
as a special case p2j Theorem 1.1]. 

Theorem 1.3. Suppose that A G (— 1/2, oo)" and r is as in Theorem \1.1\ Then, the maxi- 
mal operator L^^ is bounded from LP((0, oo)", d/iA) ^nto itself, for every 1 < p < oo, and from 
LH(0,oo)",d/iA) into Li'°°((0,oo)", d/iA). 

" A 

If we denote, for every k = (fci,...,fc„) G N", and A G (-1/2, oo)", V'fe(a^) = H'^k'i^])' 

3 = 1 ' 

X G (0,oo)", the subspace spanji/ij^lfegNn is dense in ^^((0, oo)", ^^a), 1 < p < oo. For every 
/ G span{-0^}fcgN", we have that 

feeN" 



Since this last sum has at most a finite number of terms it is clear that limj_j.o+ L\js(/)(j;) = 

/(x), X G (0,oo)", for every / G span{-0^}/jgN"- Then, standard arguments allow us to deduce 
the following convergence result. 

Corollary 1.4. Let A G (—1/2, oo)" and r be as in Theorem \l.l\ Then, for every f G i^((0, oo)", dfix), 

I < p < oo, 

lim h^.Af){x) = fix), a.e. x G (0,oo)". 
t— i.0+ ^ ' 

In the next section we present the proofs of Theorems |1.1| and Corollary |1.2| 

Throughout the paper by C and c we denote positive constants that can change from one line to 
the other. 

2. Proof of the results 

In order to prove Theorem |l.l| we need some properties of the Bessel heat kernel W^{x,y), 
r,x,y e (0, oo), A > -1/2. 

By proceeding as in the proof of [3, Lemma 3.1] we can show the following result. 
Lemma 2.1. Let A > —1/2. Then, for every r,x,y € (0, oo), 

^-2X^1 ^-^cx^r^ < 2/ < x/2; (4) 

WXx,y)<C{ ^-2A-ig-c.V- + Ml^e-(--^)'/4r^ x/2<y<2x; (5) 

y-2\-l^-cy^/r^ < 2X < y. (6) 

According to |20l Chapter VI, Section 6.15], if ly > —1/2 we can write 
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Moreover, I^{z) = 2{iy + l)I^+i{z)/z + Iu+2{z), z e (0, cx)) and z^ > -1 ([20, Chapter III, Section 
3 • 71]). Hence, if A > —1/2 we obtain, for every z e (0, oo), 

2A + 1 

h-i/2{z) = h+i/2iz) + h+3/2{z) 

(2A+l)z^-l/2 |- ^_^_^^_^ „2nA,„ , 2;A+3/2 r ,2nA+1 



e— (1 - s^rds + ^^rvT^T^-^^ e"- (1 - s'^+'ds 



0^2^+i/2r(A + i)7_i ' ' ' v^2^+3/2r(A + 2) 7_i 

Then, the Bessel heat kernel can be written as 

+ 23(A + ff ^-^^/^ /I e-^-^^^^-^^-^-)/"(l - s^-^ds) , r,.,y.(0,oo), (7) 
where A > -1/2. 

The key result to show Theorem |1.1| is the following. 
Proposition 2.2. Let A > —1/2. Then, there exist C, c > such that 

WXx,y) < C^ — — rvX/fc(a;,r)(y), r,x,y e (0,oo), 

j._g ^^^\^k\x, r)) 

where Ik{x,r) = [x ~ 2^^/r,x + 2*^^/7-] n (0, oo), r, a; G (0, oo) and fc G N. 

Proof. Let r, a; G (0,oo). We consider different cases. 

Suppose that x < y/r. Then, /o(a;, r) — [0,x + y/r] and 

MA(/o(x,r)) = ^^^<Cr^+V2. 

Since x^ + y"^ + 2xys — {x ~ y)^ + 2xy{l + s) > 0, y <E (0, oo) and s G (—1, 1), from Q we deduce 
that 



-.^<-.^;^0 + (?)0^^ '^n^)' 



j,A+l/2 



c 

Assume now that x > \/r. Then, /o(a;, r) ~\x — ^/r, x + ^/r] and 

Ma(/o(x, r)) = ^^ ((.T + V^)2^+i - (.X - ^^)2^+l) . 

The mean value theorem leads to ii\(Io{x,r)) = 2-y/ru^^, for a certain u G (x — -^/r, x + \/r). If 
A > 0, it follows that fi\{Io{x,r)) < 2^/r{x + ^Y^. On the other hand, if -1/2 < A < 0, we 
distinguish two cases. 

• If a; G (^/r, 3^/r), then 

t^x{h{x, r)) < f y'^dy < C{x + ^f^+^ < C^r{x + ^f^. 



• If a; > S^r, then 



2A 

2A - « ^ / a; + a/?- ' 



A^aUoI^, r)) < CV^{x - V^f^ < C^T 

Hence, we conclude that fix{Io{x,r)) < Cy/rx^^ < Ca:^^+^ in either case. By taking in mind 
Lemma 2.1 in order to estimate W^{x, y) we distinguish three regions. Firstly, by d4| it follows that 

W^{x, y) < Ca;-2A-i < /; < y < x/2. 



and from ^ we deduce that 



W,\x,y) < Cy-^^-' < Cx-'^-' < /^ 2x < y. 
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Moreover, (Is]) implies that 

WXx,y) < C fx-2^-1 + ^) < /^ x/2 <y< 2x. 

We obtain that 

Suppose now that k e N\{0}. We define Ckix,r) = {y e (0,cx)) : 2'^-'^^^ <\x~y\< 2^~Jr}. It 
is clear that Cfc(a;,r) C Ik{x,r). 

Assume that x < 2^^. Then, Iu(x,r) = [0, a; + 2^^ and pLx{h{x,ry) < C{2''y/¥y^+'^. Ac- 
cording to (l7|, since x^ + y"^ + 2xys = (x — y)^ + 2xy{l + s), y £ (0, oo) and s G (—1, 1), we have 
that 

(10) 

We take now x > 2'^-y/r. Then, Ik{x,r) = [x — 2'^y/r,x + 2'^y/r] and by proceeding as above we 
get fix{Ik{x,r)) < C2}^^x'^^ < Cx'^^'^^. We distinguish again three cases. If < y < x/2 and 
y e Ck{x, r) we have that 2*-'"^^ < a; < 2*^+^^. Then, Q imphes that 



-c2 

WXx,y)<C^— -, 0<y<x/2. 



Also, from ^ we deduce 
Finally, by dsl if follows that 



r\' ■. - ^ e 



-c2^ 



W,\x,y)<C^— -, 2x<y. 

fix(Ik[x,r)) 



„-2A\ e^ 



W^{x,y)<Ce-'' [x-'''-^ + ^\<C^—-. r^, x/2 < y < 2a; and y e Cfe(a;,r). 

fJ'X[Ik{x,r)} 



Hence, we get 



WXx,y)<C^— ^, yeCk{x,r). (11) 

tJ-x(Ik(x,r}) 



By combining (|8|, (|9|, ([10| and (jUj) we obtain 



n 



2.1. Proof of Theorem \l . 1\ 

According to Proposition |2.2| we have that 
|W,^(,)(/)(x)| < / l[W^;^^^{x„yi)\f{y)\dfix{y) 



(0,00)" 



j=i 



^^ E n^"'""' -^iri 77yv{ / I/(?/)Mma(j/), X e (0,cx))" and i > 0, 



keN" j=i 



where Rk{x,r{t)) = H ^A;j(2;i'''j(*)) ^^id iiT > 0. 
Then, it follows that 



nAf)ix)\ <K ^ Yle-^^'"^ I X,^,,(/)(x), X e (0,00)", (12) 
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where A^^j, represents the maximal function defined by 

■M,^(/)(x)^sup / / \m\df^x{y), xG(0,oo)". 

By [5J Theorem 1], for every k e N" and 7 > 0, we get 

6" 77' 

MA {{x € (0,00)" : M^.^,{f){x) > 7}) < ^||/|Ui((o,oo)",d^.), / e Li((0,oo)",d/iA). (13) 

Since 

n / 00 \ " 

^ [] e-"^"^ = ^ e-"2"" < 00, when a > 0, 

fcgN" j = l \m=0 / 

by defining 

n \ n 

we have that 

{x e {0,^r ■■ mUDix)] > 7} c U {xe {0,^r ■■ M^^.i/Kx) > 7Qfc} . 

feeN" 



Hence, from (13 1 we deduce 



MA {{x e (0,00)" : |W^,,(/)(a;)| > 7}) < E ^^ (i^ ^ (», 00)" : A^^,fe(/)(x) > jQ^}) 



feeN" 



^ 2^^"^ E n ^-"^^^^^ En ^-"^'"^ ii/iuh(o,o.)^,...), 7 > 0. 

•^ yfceN" j=i y yeN" j=i y 

Thus we prove that W^^ is bounded from L^ {{0, 00)", dfi\) into L^'°°{{0,oo)'^,d^\). 



According to Q it is clear that W^, is bounded from L°°((0, 00)", ^ma) into L°°{{0, 00)", dMA)- 
Then, by interpolating we conclude that W^^ is bounded from i^((0, 00)", ^ma) into itself, for every 
1 < p < 00. 

n 

2.2. Proof of Corollary^ 

In order to show this theorem it is sufficient to see that, for every / € C^((0, 00)"), the space of 
smooth functions with compact support on (0, 00)", 

hm W^(,)(/)(a;)-/(a;), a;e(0,oo)". 
Let / e C^((0, 00)"). The Hankel transform hx{f) of / is defined by 



hx{f){x)^ / \{{x,yj)-^^+^'^Jx^^y2{x,y,)f{y)d^lx{y), a;e(0,(^)". 

J(0,oo)"- -^^ 

According to (fll) we deduce that 



W^(,)(/)(a;) - hx \X{ery^^^'^'^hx{f){y) (x), x G (0,oo)". 

By using the dominated convergence theorem we conclude that 

hm W^^,p){x) - hx{hxif)){x), X e (0,00)", 

and the proof finishes because h^^ = h\ in L^((0, 00)", c^ma) (see [4, p. 125]). 

n 
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